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Abstract— This research addresses the trajectory tracking
problem of an unmanned underwater vehicle (UUV) within 4
degrees of freedom (DOF) subject to external disturbances and
measurement noise. An adaptive control framework consisting
of an adaptive model predictive control (MPC) and an error-
state extended state observer (ESESO) is proposed. The MPC
is utilized to stabilize the system while the ESESO is proposed
to estimate the disturbances. In contrast to most conventional
ESOs, we explicitly formulate a sensor-fusion problem by
tracking the error state of the observer. The ESESO feeds
back the filtered state and the estimated lump disturbances
to the MPC to achieve the adaptability of the closed-loop
system. Sufficient simulation via a semi-physical experiment
is conducted to validate the effectiveness and superiority of the
proposed control framework.

Index Terms— Unmanned Underwater Vehicles, Trajectory
Tracking, Error-State Extended State Observer, Adaptive
Model Predictive Control.

I. INTRODUCTION

Recently, unmanned underwater vehicles (UUVs) have
garnered substantial attention from both the academia and
the industry. Providing a promising alternative solution to
replace human operators, UUVs showcase their unprece-
dented applicability in various scenarios [1], [2], [3], [4].
However, UUVs still fall short of achieving full autonomy
and current practices often require human-in-the-loop [5], [6]
technique to guarantee the success of missions, particularly
in addressing uncertainties in motion control. Therefore, the
control problem of UUVs needs to be further investigated.

Several significant works have been proposed to solve
the UUV control problem. In [7], a vision-based neural
network controller was proposed to stabilize the heave of
a UUV. Zhao et al. [8] utilized fault tolerant-based MPC to
achieve trajectory control of a UUV. A sliding mode-based
control method was utilized in reference [9] for the UUV
dynamic base recovery problem. A fractional-order recurrent
neural network-based control framework was investigated in
a Multi-UUV manoeuvring counter-game scenario. Among
the various control methods mentioned above, MPC is widely
employed due to its simple structure and capability to con-
sider multiple constraints.
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MPC is one of the most commonly adopted controllers
in the field of robotics, where platforms such as fixed-
wing aerial robots [10] or ground vehicles [11] frequently
utilize the control technique to perform trajectory manoeu-
vres. Specifically, MPC operates iteratively by addressing an
optimal control problem over a finite time horizon, allowing
it to generate optimal control inputs based on the system’s
dynamic model and constraints. However, MPC’s excessive
reliance on precise system models impedes its further devel-
opment.

Many scholars have conducted in-depth research on re-
ducing the model dependency of MPC. A disturbance re-
jection MPC framework was introduced in [12] for a class
of input-affine nonlinear systems. In [13], an event-based
robust MPC method was proposed for distributed nonlinear
discrete systems. Another innovative event-based work was
proposed in [14], which addressed control problems of a
class of Markovian jump systems with disturbances. Specif-
ically, some recently published work provided some UUV
applications based on robust MPC. For example, in [15], an
MPC approach was put forward for the real-time obstacle
avoidance of a UUV. An extended Kalman filter (EKF) based
MPC was employed for trajectory tracking of a UUV with
disturbances [16].

The analysis aforementioned indicates the combination
of the MPC and the disturbance observers is frequently
adopted for UUVs. Nevertheless, it could be seen that most
research are done under an ideal environment where real-
world deploying situations are not considered, i.e., physical
sensor models and the corresponding measurement noises
are not included. Therefore, we design an extended state
observer (ESO) based on inertial measurement units (IMU)
to establish the groundwork for future practical applications.
Meanwhile, as tracking the state with error-state provides
a better linearization property [17], here, the error-state
extended state observer (ESESO) is proposed.

The contributions are listed as follows:

e An adaptive nonlinear MPC is presented for UUYV,
where the prediction model is integrated with an ESESO
that could be directly applied to real sensor models.

¢ An inertial-based sensor fusion scheme is proposed to
design the ESESO. The framework intakes the IMU
and any arbitrary exteroceptive sensor model to conduct
both state estimation and disturbance observation.

o The modules are integrated and validated via a semi-
physical experiment. The details' are also released for

Uhttps://github.com/HKPolyU-UAV/bluerov2
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future research.

The remaining sections of this paper are structured as fol-
lows: section II describes the UUV dynamic model; section
III elucidates the ESESO with EKF. The MPC is successively
formulated in section IV. In section V, the simulation results
are presented. Finally, section VI concludes this paper.

In what follows, Z and B denote the inertial and body
frame, respectively. n; = [z,vy, 2z, ¢, 0, ’(/J]T € RS is the gen-
eralized position vector in Z with [z, y, z] and [¢, 0, 1] be the
position and attitude of the UUV. vg = [u,v, w, p, q,r]T €
RS is the generalized velocity vector with vy g = [u, v, w]
be the linear velocity and vg g = [p,q,r] be the angular
velocity. K € R6%6 is the propulsion matrix, A € R6*4 is
the control allocation matrix, and both K and A are constant
matrices. m is the mass, and I, = [Ln o, L.y, Im -] is
the moment of inertial of 3 axis, and zgqg is the z-axis
component of the centre of gravity position within the body
frame. m € R is the added mass vector, with my € R® be
the translational term and mp € R? the rotational term. g is
the gravity constant. C-, S-, and T'- are the cosine, sine, and
tangent functions, respectively. o is the Hadamard product
operator. []x is the skew-symmetric matrix of a vector.

II. UUV DYNAMICS MODEL

In this work, we adopt the open-frame BlueROV2 vehicle
[18], which encompasses 4-DoF of motion, say, surge, sway,
heave, and yaw. We employ Fossen’s theory [19] to model
the nonlinear dynamics of the UUV.

The dynamics of the UUV is given by

. |mz| _ Jovn _
x= {vg] = {Ml (TB+ &5 + S)} =F(x,75)

3 = KAU ¢ R* M
S =-C(vg)vg — D(vg)vs —g(nz) € RS,

In particular, Jo = Ro  0sx3

transformation matrix with

CyYCo CYSOSH — SCo CpSOCH + SibSe

Ro = [ SvCO SvSOSo+ CypCo  SpSOCH — CSe
—50 COSo CoCo
and
1 S¢To CoT0
Teg= |0 Co¢ —S¢
0 5¢ (o)
co co
M = Mpgp + M4 is the mass matrix with
m 0 0 0 mzg 0
0 m 0 —mzy 0 0
0 0 m 0 0 0
e —mzy, 0 Iy, 0 0
mzg 0 0 0 Ly 0
0 0 0 0 Ip,..

be the rigid body mass matrix and M 4 = diag[m 4] be the
added mass matrix. 75 is the combined propulsion forces
and moments, &5 is the lump disturbances, and U € R? is
the control input.

C(), D(:), and g(n;) are the terms related to Coriolis
and centripetal forces, hydrodynamic damping force and
hydrostatic restoring force.

C(VB) = CRB(VB) + CA(VB)

_ { 0343 [—mvr 5]« }
[—mvrs]x  [~ImoVRB]x

+ |: 033 [mT o VT,B]X:| 7 )
[m7ovrplx [mpgovgslx

where Crp(vg) is the rigid body dynamics and C 4(vg) is
the added mass dynamics.

D(vp) =Dgrp +Da(vs)
= —diag[d,] — diag[dy 1, o [vs]], )

where d;, dy;, € RS are respectively the linear and
nonlinear damping parameter vectors.

(W — B)S6
—(W — B)C0S¢
—(W — B)C0S¢ @
ZCGWCGS(b
chW59
0

g(ng) =

with W = mg be the weight and B be the buoyancy.

From above, x and £,z are needed to be estimated by
the ESESO. 75 is acquired from the measurements. The
rest of the parameters are then determined via offline system
identification.

III. ERROR-STATE EXTENDED STATE OBSERVER

This section establishes a loosely coupled sensor fusion-
based ESESO to accurately track the state and the lump
disturbances with measurement noise.

€ R%¥ is the coordinate A, Observer Formulation
03x3 Te '

The proposed observer is a variation of ESO, where the
general problem formulation can be seen in [20]. Here, we
apply an adaptive observer gain as in [21], while making the
tracking state lie within the error state space. In addition,
considering that the observer proposed in this study is
conducted with the manifold theory, some notations are made
to avoid misunderstandings. The observer state is first defined
as

Z:[p v Reg ba bg g7 €]€M> @)

where M = R® x SO(3) x R? is a Lie group (M, ),
which represents the group set. - denotes the group operation.
p € R? and v € R? are the translation and translational
velocity defined in Z, respectively. b, € R?® and b, € R?
are accelerometer and gyroscope bias defined in B, gz =
[0,0, ¢g] is the gravity vector, and £ is the translational lump
disturbances. B operation on this manifold is defined as

B: MBm— M,
st. ABA = A -Exp(A),A e M,AeR", (6
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where m is the tangent space of M, and n is dependent to the
DoF of the manifold, and Exp(-) is the exponential mapping
from the tangent space of M to M. For the terms of z that
lie in vector space, A HA is equivalent to A + A, implying
that the exponential mapping is identity mapping for them.
Contrarily, for Rg € SO(3), the exponential mapping is
defined as

Bxp(6) = exp((6]) = > (10])"

n=0

= COI + (1 —Chaa’ + S[a], (7)

where 6 = fa, and a is the normalized unit vector in R3.
Based on the above, H operation is defined as

H: MBM—m,
stt ABB=Log(B'oA)=AABcN,AcR",
(®)

where Log(-) is the inverse mapping of Exp(-).

The ESESO tracks the dynamics of the error state, making
the observer carry two state parameters, say, the nominal
state and the error state. Using the EKF, the error state is
filtered, whereas the nominal state receives the estimated
error to update. Hence, the error state can be extracted from
below, where the true state z, comprises nominal state z and
error state 0z

z;, =z Hoz. 9)

The error term dz lies within the tangent space m. The
tracked error state 9z is assumed to be Gaussian, i.e., 0z ~
N(0,P) with P be the local perturbations of the M around
0.

Based on the definitions here, the ESESO processes the
input signals from sensors along with the states from the
previous time step k£ — 1 and outputs the error state of the
plant and the lump disturbances at each time step k. Then,
the error state is returned to the nominal state; the nominal
state will be harnessed by the controller.

B. IMU Model of ESESO

Given the IMU measurements, we first write out the
nominal state propagation in discrete time of z;

7, = f(zg—1,uz) (10a)
Pt = Pi—1 + VAL + 3(Re(u, — b,) + g7)At?

vi =vi_1 + (Re(u, — by) + g7)At

Ro.r = Re,k—1Exp((uy, — by)At)

by i = by r—1 ;
by r = bg k-1

87,k = 8T, k-1

£k = £k—1

(10b)

where At is the time difference between time step k — 1
and k. Note that the IMU measurement is denoted as

u = [ug,u,]" with u, and u, be the accelerometer and
gyroscope measurement, respectively. Using Egs. (9) and
(10), the error state dynamics can be yielded as

0z, = f5(0z_1,up, W) (11a)
0Pr = 0Pr—1 + 0V At
0vi = vi—1 + ([-Re(u,
dRo i = Exp(—(uy — by)At)0Re -1 — dbyAt + wgr
0bg = dbg r—1 + Wp,

0bgx = 0bg 1+ Wy,

087,k = 08T k—1

0, = 08,1 + Wg

(11b)

The w is the process noise. Further, there is
0z = £5(0zp—1) + VEiz, + w, (12)
where Vf = % is equivalent to the Jacobian matrix of

f5(). Recall that the mean of the error state is 0, making
f(6z) = 0. We can then propagate the covariance matrix of
last time-step with V£. Therefore, the prediction step of the
ESESO is given by:

0z = V621
P, = VP,V +Q,

(13a)
(13b)

where Q is a diagonal matrix based on the processing noise
w.

C. Update Model of ESESO

An abstract sensor is needed to observe the error state
for the ESESO. In this work, we opted for a simulated
GPS/GNSS and the thrust measurement to perform the
update of the filter. The sensor model is defined as,

yi =h(z) +¢ (14a)
Pk.Gps = Pk + Cp
Vk,GPS = Pk,Gps + Gy (14b)

Re rcrs = Re tExp(CRr,)
T = hr(xx) + ¢

where
h,(x) = Mgg(u, — b,) + Ma(u, — b, + Rygr)
+D(RLVIREY + REg(Ro) — €

T
¢ = Cg, ¢l CRQ,CI} € R'2 is the measurement noise.

Remark 1: We omit the Coriolis and centripetal force,
as the rotational velocities are relatively small, making the
term negligible. Also note that the raw velocity measurement
Vi, Gps 1s acquired by numerical differentiation.

The Jacobian matrix of the measurement model can be
derived as

Oh 0z

5)
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To fix the non-differentiable quadratic term as shown in Eq.
(3), D4 is approximated with a polynomial fitting function

D4(v)v = —diagl[dyy, o |v]]v ~ pp(V)

The updated equations are then given by

K, = P,Vh,(Vh,P,Vh] + R)™! (16a)
0z, = K (yr Bh(z)) (16b)
P = (I—K,Vh,)P, (16¢)
zy, = 25 B ozy, (16d)

R is the diagnal matrix based on the measurement noise
¢. Note that Eq. (16d) is the final update process, which is
referred to as error injection. After the update step, we then
set the error back to O for the next time step:

02, =0 (17a)
P, :=VjP.Vj', (17b)

where Vj is the Jacobian matrix of the reset function
j(6zy) = 0z B 6z (18)

D. Stability Analysis

Note that the asymptotic stability of the EKF can be
guaranteed in a Lyapunov sense [22]. Nevertheless, as we
are tracking the error state in ESESO, the stability of the
proposed observer has to be analyzed to the error dynamics
of the error state. Using Eqs. (12), (15) and (16), the observe
error dynamics can be given by

€L = 5Zk - 62k

€ft1 = ka(I — Kthk)ek + rg, (19)

The matrices presented here are identical to the ones derived
in Egs. (12), (15) and (16). Meanwhile, from Egs. (11a), (15),
and (16a), it can be seen that both fs5(-) and hs(-) are C;
functions, and rj, represents the higher order term (H.O.T.)
of them.

A technical Lemma can be given as follows to guarantee
the stability of the observing system.

Lemma 1: For observed error dynamics given by (19),
the system is asymptotically stable if the following five
conditions hold:

1) There exists f, h, p, p € R, s.t. Yk >0
[V < F,[[Vhg| < A
pl < Py < pLpl <Py, < pI
2) Vk > 0 rank(Fy) = n.
3) Define the H.O.T. r;, of €541 as rp + ry, which are

the respective H.O.T.s related to prediction and update
models. There exists «, Sp, By, B8 € R >0s. t.

|rp (02, 62)|| < B [0z — |
rs1(62, 62)|| < By |0z — oz
x| < B |6z — oz
|16z — 62 < a
|62 — 6z < a

4) Vfi, Vhy, is assumed to satisfy the uniform observabil-
ity condition.
5) Q, R is symmetric positive definite.
The proof of condition 3) is supported by Lemma 4 in [23]
and is omitted here.
Proof: The Lyapunov function is selected as

Vi(er) = € P} lex, (20)
and with condition 1), we have
1 1
= Jlexl® < Viler) < = el 1)
p D

Vi:(ex) is therefore positive definite and decrescent.
Using condition 2), 4), Eq. (16) and matrix inversion
lemma [24], [25] yields
Viri(exs1) = €1 Pr €
<[Pt —PLP 4+ VE QTIVE)P e
+2r, P, L VE.(I— K, Vhy)e, + 1, Pl ry
(22)

K is also equivalent to lADthZR*1 from Eq. (16), and

i oh
1Kl < [[Buf[ ol R <2 @3

r iS Amin Of R. Using conditions 1) and 3), Eq. (22), we
have

- 1
Vi1 (€rs1) < €, Prle — = lexl®

P+ a7

_ 1 7712 —1
28 e Fllen) LA 24)

1
+ B llexl” Bllexl
p
1
=Viler) {5 —=
k(€x) {132(15+f2g*1)
1+ ph?r—! !
A +ph*rh) 820 sl lewl
- (25)

—(28f

Further, there is

1
Vir1(€r1) < Vi(er) = 5—5—~
" P2+ f2q7 )
(14 ph?r—1 1
- 2o D o el el
1 2
=Viler) = | =5 — Hlexll| llexl”,
P+ f2qh)

(26)
where p = 26]?%:51) + 52%(1 > 0. Let @ <
m, then Vi 1(€xs1) — Vi(ex) < 0. The proof
is completed. [ ]
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Fig. 1: Block diagram of the proposed adaptive MPC scheme
for the UUV.

IV. ADAPTIVE MODEL PREDICTIVE CONTROL

A. Adaptive Prediction Model

Figure (1) illustrates the basic principle of the proposed
adaptive MPC framework.

The dynamics model sent into the adaptive MPC frame-
work can be given by

p=vV
v = RoM~ ' (K7AU - D(v)v — g(Re) +£)  (27)
w = 5(7717V87w8)w + U’L[Ja

where the state is denoted as X = [p,v,%]" and control

input is U = [UT, Uw] € R4,

Remark 2: The MPC proposed here does not track the
rotational velocity, while the rotational disturbances are also
neglected. The scalar term s(nz, vg,ws)y is derived from
Eq. (1) without considering the Coriolis and centripetal
forces, where the rotational velocities are retrieved directly
from IMU measurements and bias state wg = u, — by.
K7 € R6%3 is extracted from the propulsion matrix K.

Remark 3: The adaptability is reflected within in Eq. (27),
where the estimated lump disturbance is injected into the
prediction model.

B. MPC Implementation

The MPC optimization problem can be expressed as

TN-1
min = 3 [llexl, + IUI%, | + len llq -
k=T (28)
s.t. e = y(ik,Uk) — Iy
Upcel, xpeX, xp, €Xn,

where X(t) and U(t) respectively denote the state and the
control inputs, ¢y and ¢, are the first and last time-steps of
control horizon, and r(t) is the reference state. Furthermore,
y(-) represents the system integration output based on the
dynamic model defined in Eq. (27). Q., R., and Qy are
the weighting matrices, U, X, and X are the input, state,
and terminal constraint sets. Note that Q., R., Qx = 0.

Via multiple shooting method, the above problem at ¢t = k
is then reformulated as

k+N—1
min J, = I(x;,U;) +1p(x ,U ,
i J ; ( ) + U (Rit N, Up ) 29)
st. U, eld, x;,€X, Xy € X,

where {(-) and [f(-) are the positive definite functions that are
respectively related to the stage and the terminal cost. Here
we utilize ACADOS [26] to solve the MPC in real-time.

C. Stability Analysis

A stability lemma is given as the following to show the
stability of the controller. First, an assumption on the terminal
cost and constraint is made.

Assumption 1: For all X € X, the terminal cost [;(-) is
a continuous Lyapunov function such that

li(yx,U)) - ;(x,U) < —Ii(x,U). (30)
Based on Assumption 1, the lemma is given as follows.
Lemma 2: With the optimization problem defined in Eq.
(28), the MPC controller is asymptotically stable if the
following conditions hold:
D U,X, XN £ 0.
2) Only the U(k) is inputted to the system.
3) N is sufficiently large and global optimal can be ac-
quired at each time k.
4) J,=0ifx,U=0.
5) The prediction model is unbiased and has no measure-
ment noises.
6) Assumption 1 holds.
Proof: Define Lyapunov function as Vj, = min Jj, there
is
k+N-—1
Vi, = Z Z(XZ,UZ) + lf(ik+N7Uk+N)
i=k

€1V

Obviously, Vj is positive definite. Similarly,

k+N

Y Ui Uo) + l (Res148, Ukgaan)
i=ht1
k- N—1

Y Ui Ui) + (R, Untw)
ik

+ 1 (X148, Upgr4n) — 1(Xk, Ug)
— 1y Xkt N, U v) + 1(Xpr v, Upyn)

Using condition 6) and Lemma 2 in Eq. (31) yields

Vg1 =

(32)

Virr = Vi = U(Xk, Ug) + L (X148, Ug148)
— Xkt U n) + UXp N5 Upgn)
Using the facts that

(33)

—l(ik_;,_l, Uk-) <0

and

L (X148, Upp14o8) =l (X N, U n) H(Xp v, Ungv) <0,

The difference equation of V}, is semi-negative definite. The
proof is completed. |
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V. SEMI-PHYSICAL SIMULATION RESULTS

The simulation results are implemented in ROS Gazebo
SITL with a BlueROV2 model[27]. Table I lists some pa-
rameters of virtual sensors and controllers.

TABLE I: Simulation parameters.

Parameters Value
IMU frequency 50 Hz
GPS frequency 30 Hz
0.001I
R diag[0.01I 0.02I 0.0006I 0.012I]
Controller frequency 20
Prediction horizon 80
Qc [300 300 150 10 10 150 10 10 10
10 10 10]
R. [1110.5]
m 11.26 kg
m [1.7182 0 5.468 kg
0 1.2481 0.4006 0 kgm? /rad]
w 1128 N
B 114.8 N
zZoa 02 m
1 [0.3 0.63 0.58] kgm?
dr, [-11.7391 Ns/m -20 Ns/m -31.8678 Ns/m
-25 Ns/rad -44.9085 Ns/rad -5 Ns/rad]
dyr [-18.18 Ns/m -21.66 Ns/m -36.99 Ns/m

-1.55 Ns/rad -1.55 Ns/rad -1.55 Ns/rad]

To validate the effectiveness of the proposed observer and
the adaptive controller, we present the results of both state
estimation and trajectory tracking. Figure 2 presents the pose
estimation results, while figure 3 showcases the velocity and
the estimated disturbance.

I reference M estimation
T T

x(m)
o

y(m)
o

z(m)
S

o_\

oNv N O M o No

oo

o

yaw (rad) pitch (rad)  roll (rad)

1
N

0 5 10 15 20
Time(s)

Fig. 2: The estimated pose versus the ground truth from the
ESESO.

In Figure 2, the pose and the velocity ground truth are
retrieved directly from the Gazebo software, whereas the

I rcference MMM estimation

0 5 10 15 20
Time(s)
Fig. 3: The estimated velocity and disturbance versus the
ground truth from the ESESO.

ground truth of the disturbance is generated artificially based
on the ideal dynamic model presented in Eq. (1). Figures 2
and 3 indicate that the state converges to the ground truth,
providing an accurate estimation of the robot state and the
lump disturbance for the controller.

To validate the superiority of the proposed ESESO-AMPC
framework, a circular path with an external disturbance of
[A0N, 40N, 10N] is given as the reference signal of the UUV.
Figure 4 records the tracking performance under different
control frameworks. The blue curve in Figure 4 indicates
that the proposed ESESO-AMPC framework outperforms the
others. Additionally, the tracking errors are also illustrated
in Figure 5. It is obvious to validate that NLMPC and PID
have greater errors without disturbance observers.

VI. CONCLUSIONS

In this paper, a novel ESESO-AMPC framework is pro-
posed to address UUV control problem subject to external
disturbances and measurement noise. The ESESO is con-
ducted as a disturbance compensator of the AMPC frame-
work. In contrast to other works, the observing scheme
proposed in this paper can simultaneously estimate the lump
disturbances and can be applied to sensor fusion problems.
Additionally, all simulation experiments are conducted in a
semi-physical experiment so that the proposed method can
be directly transferred to real UUVs. The stability of both
the observing and control systems is analyzed in a Lyapunov
sense. Sufficient simulations are implemented to verify the
effectiveness, robustness, and superiority of the proposed
control framework. Our future work will focus on addressing
the control problem of UUVs with model uncertainties and
severe wave disturbances with other sensor models.
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Fig. 4: The control performance of AMPC, MPC and PID.

. N AMPC MPC HEEE PID

2 - 4
Eo W
=

2F ]

4 ! ! .

4 . . ;

2 - 4
ol :
>

2F 1

-4 L L ! ! L

2 T T T
g 0 = \7 \/ \/

2 L L L L L

0 5 10 15 20 25 30
Fig. 5: The tracking error of adaptive AMPC, MPC and PID.
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